Abstract. In this paper we constructČech cohomology groups that form a Gysin-type long exact sequence for principal torus bundles. This sequence is modeled on a de Rham cohomology sequence published in earlier work by Bouwknegt, Hannabuss and Mathai, which was developed to compute the global properties of T-duality in the presence of NS H-Flux.
Introduction
In [8] the authors formulate a "dimensionally reduced" Gysin sequence for de Rham cohomology. From their point of view, the purpose of this sequence is to compute the global properties of T-duality for principal torus bundles with background NS H-flux (see, e.g., [4] [5] [6] [11] [12] [13] [14] ). This Gysin sequence utilises a Chern-Weil or "dimensional reduction" isomorphism, allowing a differential form on the total space of a principal torus bundle to be expressed as a tuple of forms over the base manifold. T-duality is then easily computable by concatenating or truncating tuples of forms corresponding to the bundle curvature and flux. In this paper, we extend much of [8] toČech cohomology, thus including the phenomena of torsion. To begin with, we shall motivate the use of Gysin sequences in T-duality.
Recall that, when working with principal T-bundles, T-duality is an order two transformation T defined on the set of pairs (c, δ), where c ∈Ȟ 2 (Z, Z) is the Euler class of a principal T-bundle π : X → Z and δ ∈Ȟ 3 (X, Z) represents the H-flux. The image of T is a pair (ĉ,δ), consisting of an Euler class of some principal T-bundleπ :X → Z together with a classδ ∈Ȟ 3 (X, Z) called the T-dual Euler class and H-flux, respectively [4, 5] . The T-dual Euler classĉ can be obtaineded from the Gysin sequence: On the other hand, one can show [12, Thm 2.16 ] that for any choice of [L] there is an automorphism ofπ : X → Z such thatδ +π * ([L] ∪ c) →δ. Therefore, within the isomorphism classπ : X → Z, there is an unique choice of T-dual H-fluxδ.
To discuss the higher dimensional case, we introduce some terminology. Definition 1.1. Let π : X → Z be a principal T n -bundle, and suppose it is classified by a class c ∈Ȟ 2 (Z, Z n ). Then we call c the Euler vector of π : X → Z. Definition 1.2. Let (c, δ) ∈Ȟ 2 (Z, Z n ) ⊕Ȟ 3 (X, Z) be a pair of cohomology classes, where c is the Euler vector of a principal T n -bundle π : X → Z. Then we call (c, δ) a T-duality pair.
Thus, in the general case of a T-duality pair (c, δ) ∈Ȟ 2 (Z, Z n ) ⊕Ȟ 3 (X, Z) we seek to create a Gysin sequence generalising (1.1) and (1.3) so that we may compute T-duality using analogues of (1.2),(1.4) and (1.5):ĉ = π * δ, (1.6) c =π * δ , (1.7)
This was partially done in [8] , where a higher dimensional analgue of (1.1) was computed in de Rham cohomology. We recall this generalisation presently. Let Z be a C ∞ manifold, and denote by H k dR (Z, t) the k th de Rham cohomology group with values in the Lie algebra t of T n , which we identify with R n . Now, suppose π : X → Z is our principal R n /Z n -bundle gives a mapŽ
The image of the cocycle F in Ω 2 (Z, R n ) is a closed form, denoted F 2 , which we call a curvature form of π : X → Z (we give an explicit formula for F 2 in terms of F in Equation (5.1) below). Let ∧ i t * denote the i th exterior power of the dual Lie algebra t * . For 0 ≤ m ≤ l ≤ k we define a cochain complex
where Ω k−i (Z, ∧ i t * ) is the group of differential (k − i)-forms with values in ∧ i t * . Let {X i } i∈(1,...,n) and {X
can be written as a sum
To define a differential on the cochain complex (1.9), we first observe that on each group Ω k−i (Z, ∧ i t * ) we can define maps by the formula
= 0, and we denote the resulting cohomology groups by H k,(m,l) F 2 (Z, t * ). This differential can be seen diagrammatically in Figure 1 . 
and
Thus Then, the l th component (
(1.10)
Similarly we have
is a cocycle if all of the following hold: 
This isomorphism depends on a choice of principal connection with curvature F 2 , and therefore is not canonical. Moreover, the groups H k,(m,l) F 2 (Z, t * ) fit into a Gysin sequence:
There exists an exact sequence
This sequence is called a Gysin sequence because, in the case m = 0 and l = k, the sequence corresponding to a principal T-bundle X → Z is identical to the image in de Rham cohomology of (1.1).
Suppose then that we have a T-duality pair (c, δ) .3)). Thus, the T-dual H-flux, which should be computed by (1.7) and (1.8), strictly speaking, is unknown, although we expect it in some sense to have a representative of the form (H dR 3 , F 2 , 0, 0). In the general case it was proposed in [7] [8] [9] 
(Z, t * ) defines a noncommutative torus bundle [13, 14] . The links between nonassociative/noncommutative bundles and the tuples of differential forms was however not made precise. Moreover, since this previous work was done in de Rham cohomology, it neglected the phenomena of torsion. In this, and a companion paper [3] (see also [16] for more details and [2] for a review and additional examples), we shall rectify some of these details in the case H 0 = 0 by constructing an integer cohomology group analogous to H [16] . Note however that the isomorphism given in [16] is not canonical. Moreover, it is possible to show that when considering refinements, even in the case where different refinement maps induce identical representatives of the Euler vector, the induced refinement maps have images that differ by a non-trivial automorphism.
It follows that taking a colimit will be inappropriate for our applications. Thus, we are forced to fix a cover when using these groups here and in [3] . Finally, we shall provide Gysin sequences for ourČech cohomology groups, and show they match with the Gysin sequence of [8] . Note that the analogue of Theorem 1.6 is the primary focus of [3] .
The main obstruction to constructing a directČech analogue of
is the fact that the cup product ofČech cocycles is not commutative. Therefore, simply abstracting the differential D F 2 by using the cup product with F instead of the wedge product with F 2 will not give a map that squares to zero (cf. the comments preceeding Example 1.3). We shall surmount this problem by using the fact that the cup product is commutative onČech cohomology, which implies that commuted cocycles differ by a coboundary. This coboundary shall be incorporated into our analogue of D F 2 , giving a genuine differential. 
where
Let Z be a C ∞ manifold and fix an open cover W = {W µ 0 } of Z together with a cocycle 
We define a cochain complex C k F (W, S), where for k ≥ 2 an element is a triple (φ k0 , φ
we define a cochain to be a pair (φ 10 , φ 01 ), where
, whilst when k = 0 a cochain is a singleton (φ 00 ), for
, and
with the formulas
Note that the ordinaryČech differential∂ is a graded derivation with respect to these products:
Proof. A simple computation. Now, as usual let F i denote the i th component of F , our fixed representative of the Euler vector of π : X → Z. Applying Lemma 2.1 with A = F i , B = F j gives us a 3-cochain 3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3  3 3 3 
) defined by the formula:
Then, we define a map
which one can see is a differential using Lemma 2.2.
Definition 2.3. We define the k th dimensionally reducedČech cohomology group of the covering W with coefficients in S to be the cohomology of
We can also define a similar groups, H k F (W, Z) and H k F (W, R), using integer and real coefficients. We begin with integer coefficients.
We define degree 0 and 1 cochains as before, by truncating the lowerČech cochains. To define the differential, let m l denote the l th component of m ∈ Z n . Then we have maps
with their integer cohomology analogues:
The formulas (2.3) and (2.2) should be compared with (1.10) and (1.11), respectively. Then the differential is
Definition 2.4. Let W be an open cover of a C ∞ manifold Z, and fix a cocycle F ∈ Z 2 (W, Z n ). We define the k th dimensionally reducedČech cohomology group of the cover W with coefficients in Z to be the cohomology of
The definition of the real coefficient groups H k F (W, R) are identical, except obviously that cochains take values in a different group. Thus, cochains in C
and Proposition 2.5. Let W be a good open cover of a C ∞ manifold Z, and fix a cocycle F ∈Ž 2 (W, Z n ). Then there is a long exact sequence of cohomology groups
Proof. Since the cover W is good we have an exact sequence of cochain complexes As one familiar withČech cohomology might expect, most of the groups H k F (W, R) are trivial. Given that we are fixing our covers and not allowing a locally finite refinement, to prove this fact we need a definition and a lemma. Definition 2.6. Let W = {W λ } λ∈I be a (not necessarily locally finite) open cover of a paracompact space Z. Then we call a collection of functions {ρ λ } λ∈I with ρ λ ∈ C ∞ (Z, R) a partition of unity subordinate to W if and only if the collection satisfies the following conditions:
∞ -manifold Z has a partition of unity subordinate to it.
Proof. Since Z is paracompact, there exists a locally finite refinement V = {V µ } µ∈J of W = {W λ } λ∈I that comes with a refinement map ι : J → I satisfying V µ ⊂ W ι(µ) . By standard results, there is a partition of unity {̺ µ } µ∈J subordinate to V. We then define a partition of unity {ρ λ } λ∈I subordinate to W with the formula
Lemma 2.8. Let W be an open cover of of a C ∞ manifold Z, and fix a cocycle F ∈ Z 2 (W, Z). Then we have group isomorphisms
Proof. We only provide a proof of these facts for k = 2, since the other cases admit a similar proof. First recall that in real cohomology there is a contracting homotopy 
Let us defineφ 20 := φ 20 − h 1 φ 11 ∪ 1 F , and, because D F is a differential, we can infeř
Using the above facts we know (φ 20 , φ 11 , φ 02 ) is cohomologically equivalent to
Thus, every cocycle (φ
Corollary 2.9. Let W be a good open cover of a C ∞ manifold Z, and fix a cocycle F ∈ Z 2 (W, Z n ). Then we have exact sequences
Corollary 2.10. Let W be a good open cover of a C ∞ manifold Z, and fix a cocycle
and define π * :
Then there exists a commutative diagram with exact rows
Proof. The definitions are set up so that this works, so we only prove commutativity of the squareȞk (W, S) 
Curvature Groups
There is a group related to H k F (W, S) that is important to us, because later it will be the target of a Gysin "integration over the fibres" map. Moreover, this group provides a curvature class for a certain class of noncommutative torus bundles. We define a cochain complex C k F (W, S), where for k ≥ 1 an element is a pair (ϕ k1 , ϕ (k−1)2 ) consisting ofČech
One can see this group is obtained by removing the first entry from C 
Lemma 3.4. Let W be a good open cover of a C ∞ manifold Z, and fix a cocycle
Then there is a commutative diagram with exact rows
Proof. As with Corollary 2.10, the definitions are set up so that this works. We prove only commutativity of the the square
We first proceed clockwise around the diagram. Since W is good there exists a cochain [
Then the image of [
This class will have image under π * :
This is exactly what we get if we go anticlockwise around the diagram.
Lemma 3.5. Let W be a good open cover of a C ∞ manifold Z, and fix a cocycle
and define ∪F :
Proof. The formula for ∪F :
should be compared with the definition of the differential D F from Equation (2.1). That it is a well-defined map of cohomology groups follows from an easy calculation. Commutativity then follows from the definitions and the fact that W is good, just as for the proofs of Corollary 2.10 and Lemma 3.4.
The Gysin Sequence
Theorem 4.1. Let W be a good open cover of a C ∞ manifold Z, and fix a cocycle F ∈ Z 2 (W, Z n ). Then there is a commuting diagram with exact columns and rows:
Proof. Commutativity is the content of Corollary 2.10, Lemma 3.4 and Lemma 3.5. Exactness in the vertical directions comes from Proposition 2.5 and Proposition 3.2 (as well as the ordinaryČech cohomology "exponential" long exact sequence). Exactness in the horizontal direction is assured by the definitions; the most difficult part is exactness in the horizontal direction at H k−1 F (W, S), which we now prove. First, we show ∪F • π * = 1.
However, since (φ k0 , φ
and therefore ∪F • π * = 1. On the other hand, if [φ
Correspondence with the work of Bouwknegt, Hannabuss and Mathai
We show here that the Gysin sequence given in Theorem 4.1 corresponds with the Gysin sequence from Theorem 1.7, in the sense of the following theorem. 
The difficult part of this theorem is the construction of the maps
(Z, t * ). We shall define the components H k0 , H (k−1)1 and H (k−2)2 in terms of φ k0 , φ (k−1)1 and φ and Ω k−2 (Z, ∧ 2 t * ), respectively, given by
where we have suppressed the wedge ∧. To define H (k−1)1 , we have to take into account that φ (k−1)1 is not closed under∂. Therefore, using the same collating formula, we have a global differential form given by
Defining H k0 is a little trickier because φ k0 get a contribution from φ 
Then we define
, it is clear that we could also define a collection of cohomology groups "H k F (W, R)" using the c onstant sheaf with values in R. Then the map
given above factors through the map similarly defined from H 
is a map of cochain complexes.
Proof. The proof of this lemma is a long, unenlightening calculation, and has thus been relegated to the appendix.
Proof of Thm 5.1. Exactness for both sequences has already been done inTheorem 4.1 for the top row and Theorem 1.7 for the bottom. The downward arrow
and the downward arrow H k−1
The remaining downward arrow is just theČech-de Rham Collating formula
For commutativity, the only square that is not immediate from the definitions is
, which itself is quite nontrivial. Going anticlockwise around the diagram, we have that the image of a class [
where we recall F 2 is the image of F under the collating formula.
On the other hand, the image of [
Thus, we need to check there is a differential k-form ω such that the image of
However, in (A.5) to (A.6) in the appendix, it is shown that we can take ω to equal
for this purpose.
Mathai-Rosenberg T-Duality
We return to the applications of our work to T-duality of principal torus bundles by first recalling the definition of T-duality according to Mathai and Rosenberg [13, 14] . LetȞ 3 (X, Z)| π 0,3 =0 denote the kernel of the Serre spectral sequence projection π 0,3 :
, and let CT (X, δ) denote the unique (up to C 0 (X)-linear isomorphism) stable continuous trace algebra with DixmierDouady class δ. Then, if (c, δ) is a T-duality pair such that δ ∈Ȟ
2.2 of [14] implies there is an a action of R n on CT (X, δ) such that the induced action of R n on X covers the T n -bundle action. The Mathai-Rosenberg T-dual is by definition the
The C * -algebra CT (X, δ)⋊ α R n can be interpreted as the algebra of sections of a noncommutative torus bundle over Z, such that, if f ∈ C(Z, M u n (T)) is the Mackey obstruction map of α, then the fibre above z ∈ Z is the stabilised noncommutative torus A f (z) ⊗K [14, Proof of Thm 3.1]. Moreover, ifȞ 3 (X, Z)| π 1,2 =0 denotes the kernel of the Serre spectral sequence
the action α can be chosen to have trivial Mackey obstruction. This implies that the C * -algebra CT (X, δ) ⋊ α R n has spectrumX, such that the dual R n -action induces a classical principal torus bundleπ :X → Z.
T-Duality for Principal Torus Bundles with H-Flux via the Integer Gysin Sequence
We continue the T-duality discussion from the introduction. There we finished by describing how the Gysin sequence of Theorem 1.7 allows one to compute the T-dual curvature of a T-duality pair (c, δ) ∈Ȟ 2 (Z, Z n ) ⊕Ȟ 3 (X, Z) as the image of δ under the composition of the dimensional reduction isomorphism and the Gysin sequence integration over the fibres map:
Since Theorem 5.1 shows the Gysin sequence of Theorem 4.1 agrees with the one from Theorem 1.7, we seek to provide an analogue of the dimensional reduction isomorphism. Indeed, this theorem is proved in a companion paper:
). Let π : X → Z be a principal T n -bundle over a Riemannian manifold Z, and denote byȞ 3 (X, Z)| π 0,3 =0 the kernel of the Serre spectral sequence projection π 0,3 :
Moreover, there is an isomorphism 
Thus, if H 1 = 0 the T-duality pair (c, δ) is not T-dual to a classical principal torus bundle. Instead, the comments in the previous section tell us that the bundle T-dual to (c, δ) is a noncommutative torus bundle. One thinks of the class [H 2 , H 1 ] as the Euler vector of this noncommutative torus bundle, with the cochains H 1 and H 2 describing the parameters of the noncommutative torus fibre and bundle "twisting", respectively. Indeed, Lemma 7.3 justifies the first statement, whilst the following lemma justifies the second (see also [6] ): 
Then the image of∂C in Ω 4 (Z) under the collating formula is identically zero.
Proof. Follows from the cocycle identity for A and B, the fact that the restriction of the image of∂C = A ∪ B − B ∪ A to the set W λ 0 is given by
where {ρ λ 0 } is a partition of unity subordinate to W, and the fact that
defined by (see Section 5)
Proof. Suppose that the triple (φ k0 , φ
. Straight from the definitions one can see that dH (k−2)2 = 0. Next, since the cocycle identity for [φ k0 , φ
When restricted to the set W λ 0 , this cocycle has l th -component image the differential form:
On the other hand, the right hand side of Equation (A.2) is
To help us deal with Equation (A.4), we claim that
Indeed, if we expanded the above, each term φ
(·) ij F λ 0 λ k−2 λ• would be missing either λ k−1 or λ k . Then our claim follows from the fact that
Therefore, the fact that
The above is exactly Equation (A.3) , and therefore the left and right hand sides of Equation (A.2) agree.
Lastly, since the cocycle identity for [φ k0 , φ
we need to check if
We will prove this for k ≥ 3, since the k = 2 case is easier and uses similar techniques. Ignoring the factor of (−1) k+2 , the right hand side above is
We claim that the wedge product of the term on line (A.8) with the term on line (A.9) is zero. Indeed
Therefore, for k ≥ 3, since the wedge product of the term on line (A.7) with the term on line (A.9) is exactly the term on line (A.5), we just need to show dD(
First, note Lemma A.1 implies∂C(F ) ij is the zero form. Then, the facts that∂ is a graded derivation with respect to ∪ 2 and
Now, observe that swapping indices λ k ↔ λ k+2 and λ k−1 ↔ λ k+1 shows 1≤i<j≤n λ 1 ,...,λ k+2
Thus, using these two identities we see This completes the verification of Equation (A.6).
Lemma A.3. Let Z be a C ∞ manifold, W a good open cover of Z, and F ∈Ž 2 (W, Z n ).
Let the image of F in Ω 2 (Z, t) under theČech-de Rham isomorphism be F 2 . Then the map Proof. We only prove this for k ≥ 3, since the case k ≤ 2 is similar and easier. Suppose (φ (k−3)2 ∪ 2 C(F )) λ 1 ...λ k+1 (·) ij ρ λ 1 dρ λ 2 . . . dρ λ k+1 , (A.11)
by dH(C) (k−1)0 | W λ 0 . We provide the details for the case k = 3; the cases k > 3 are similar (the reader can consult [16] (·) ij C(F ) λ 1 ...λ 4 (·) ij ρ λ 2 dρ λ 1 dρ λ 3 dρ λ 4 (A.14)
